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S'XABILITT  AND  STRUCTURAL  THEOREMS  FOR 
CERTAIN  CLASSES  OF  n-PER30N  GAMES 

R.  Duncan  Lace 


1.  Introduction1 

In  the  Ton  Neumann  and  Morgenatern  (h)  formulation  of  game  theory, 
tixe  n-person  ease  with  a transferable  utility  is  reduced;  when  n>2,  by  means 
of  the  2-person  theory  to  the  study”  of  certain  types  of  real-reined  set 
functions  which  they  hove  called  characteristic  functions.  In  words,  & 
characteristic  function  assigns  to  each  subset  of  players  a number  „nlch 
represents  (in  certain  units)  the  ‘’strength*  of  that  set  of  players  if  they 
cooperate  as  a coalition  and  if  they  are  opposed  by  all  the  remaining  play- 
ers cooperating  as  a coalition.  Since  in  seme  situations  the  opposition 
may  not  be  unified  into  a single  coalition,  the  characteristic  function 
must  be  considered  to  give  a conservative  estimate  of  coalition  strength. 

The  units  in  which  the  characteristic  function  is  measured  are  as- 
sumed to  be  those  of  an  extra-player  commodity  which  acts  like  money,  i.e., 
it  la  infinitely  divisible  and  freely  transferable  among  the  players.  It 
need  not,  however,  be  ordinary  money  or  be  sizply  related  to  it,  but  it  is 
the  quantity  in  which  the  players  are  "paid''  at  tho  end  of  the  game. 

Mathematically,  an  n-person  game  (in  characteristic  function  form), 
a » 3,  is  a pair  (ln,v),  where  IR  is  the  set  of  n players  - which  for  all 
purposes  can  be  taken  to  be  a labeling  of  the  players  by  the  first  n inte- 
gers - and  where  v,  the  characteristic  function,  is  a real  valued  set 

function  defined  for  all  subsets  of  I which  satisfies 

n 


1.  If  the  reader  is  familiar  with  either  (l)  or  (2)  he  should  wait  the 
introduction  through  the  definition  of  k-stability. 


**•  2 r> 

io  v(4> ) * 0,  uncut*  <J)  is  the  null  set., 

and  ii.o  if  R and  S are  disjoint  subsets  of  I . 

tr 

v(RUS)  > v(R)  + 'r{3 )., 

TV  first  ocnTiltlon  sisqply  assigns  the  value  *»•*>  la  the  coalition  baring 
?,v  w-ribere  and  the  second  xe  a ray  of  saying  that  any  whole  of  players  is 
it  lonvt  ^ ’Strong"  as  any  stun  of  disjoint  parts.. 

It  iv.ims  out  that  thu  theories  sc  far  dev* loped  are  invariant  fmtr 
i>rto.in  equivalence  classes  of  characteristic  func  iiis  and  so  it  1j?  aiiffi- 
slant  to  isolate  one  representative  function  from  sac;  of  the  classes*  We 
shall  not  repeat  the  argument  here;  it  may  be  foun.  in  (2,3),,  One  particrj- 
" .u’lr  coim.niewt  representative  can  be  a noun  to  be  the  unique  characteristic 
if'.nv.tilio.’i  * i?i  each  class  except  one  (see  below)  which  in  addition  to  1 and. 

1±  above  tfs.Vi.af  ins 

iii.  n(U>>  » 0,  for  i t IQ, 

d iv,  m(I  ) « l.> 

T’vIh  function  is  known  as  the  OalCTreduced  fornt  and  it  can  be  shewn  that 
the  Oy.l-rev.  'ied  form  of  the  class  generated  from  a given  characteristic 
function  v li 

v(S ) Z v((i>) 
icS 

»(S)  - — * 

v(l  } - Z v((i}) 
lei. 

except  in  the  case  v(l  ) ^ Z v({i})„  in  which  class  there  does  not  exist, 

n iel 

n 

a O^i-rsduced  fame  A game  of  this  exceptional  type  is  called  inessential, 
and  it  ia  substantially  the  same  as  a probability  measure  over  the  »•» t cf 
playnm*  It  ie  easy  to  see  that  in  an  inessential  game  there  is  no  gain 
;hifjr«rd  by  .fanning  coalitions  and  so  toe  coalition  theory  is  trivial;  he«*v 
: :<  .-rwf  ur?<  excluded  from  further  study » Any  gaw»  which  is  not  in*.?.*  t5  *i 


3 *r* 

is  generally  called  essential j however.,  in  this  paper  we  atoll  use  the  ward 
"game”  to  mean  essential  game  unless  it  is  prefixed  by  "Inessential  t" 

An  important  class  of  gaoes  - though  it  will  play  only  a minor  role 
here  - is  that  for  i bish^ 

v,  *(S ) ♦ n(~S)  ® 1,  for  every  SCI  ; „ 

Such  a game  is  sailed  oongtant-BUgt. 

In  addition  to  i ha  notion  of  coalition  strength  as  embodied  In  the 
characteristic  function,,  von  Neumann  and  MorpenM-aru  introduced  the  concept 
of  payments  .eecaivad  by  the  players  _ Thia  psyms-M,  Includes  live  payments 
from  the  gujw  plus  My  side  payments.  reaulUng  Prcra  coalition  parti eipati on 
and  It  i s Measured  in  the  uni  tu  of  the  extra  p.U.v ar  ccwaodit; y mentioned 
earlier c If  v«  denote  t..i  •jasnt  received  by  player  i by  , th«n  it  i*i 
assumed  itot 

i.  I x ••=  v(I  )» 

iel  n 

n 

and  lie  > v({ i}.)„  for  iel  0 

Such  an  n-tuplo.  .-.ailed  an  ^apurtation  of  the  &m.j  assumes  th- 1 the  players 
- "rational"1  players  *•••  will  divide  up  the  value  of  the  game  for  the  esc  of 
all  players  and  that  each  rational  player  will  accept  no  arrangement  which, 
gives  Mia  less  iton  he  can  assure-  himself  wore  ha  to  play  alone  with  all  of 
the  other  players  in  a coalition  opposing  him,  If  we  aaaucae  the  character" 
istic  function  xti  In  0,l>=reduced  fom»„  then  any  ijaput&tion  Is  simply'  a psob^ 
ability  distribution  over  the  set  of  players and  conversely  a distribution 
la  an  iap'-riation., 

Tto  vi«i  Neunanu'-Morgenstern  theory  of  '’solution?!-*  (3*6)  at  temp  ta  ? 
using  only  these  concepts*  to  charge fcerise  sots  of  impute tides  which. > with 

f if  1C.1  itwu  «-S  denotes  tfse  *ud  I •■8.. 

:i  n 


- Ji 


respect  to  the  given  characteristic  functions  achitjve  a certain  inner  sta- 
bility fear  “rational”  player* » On  the  other  handj.  the  theory  we  shall  dis- 
cuss here9  which  was  introduced  earlier  by  the  author  (1),  requires  one 
further  notion „ Any  system  t of  non- overlapping  proper  subsets  of  I which 
exhaust  1^  is  called  a coalition  structure..  We  shall  take  the  point  of 
view  that  the  outcome  of  a.  g&rao  will  be  described  by  a pair  where  2 

is  an  imputation  and  i is  the  corresponding  coalition  structure „ One  task 
of  a theory  is  to  doscribe  which  pairs  will,  he  in  a state  of  equilibria 
relative  to  the  given  characteristic  functions „ Vie  have  mentioned  in  (2) 
other  problems  which  may  be  posed*  but  in  this  paper  we  shall  bs  concerned 
only  with  equilibrium  behavior. 

the  basic  idea  wo  3hall  employ  i3  chat,  even  whs n a pair  (Xg*r)  has 
been  accepted.,  ’^rational”  players  will  be  chopping  around  for  revisions  of 
the  coalition  structure  which  will  benefit  them.,  The  pair  (X/c ) will  be 
in  a state  of  equilibrium  when  no  Improvement  is  assured  by  apy  of  the  pos- 
sible changes , 2nd  hence  there  will  be  no  motive  for  a change . It  turns 
out,  however,  that  no  very  rich  theory  will  result  unless  it  is  assumed 
that  the  players  may  only  consider  modifications  of  *t  which  are  not  too 
extreme « Such  an  assumption  is  not  implausible  for  at  least  two  reasons % 
it  is  a recognition  that*  at  least  with  real  people,  overly  complex  changes 
of  alliance  cannot  be  effected,  and  that  in  some  economic  situations  very 
complicated  changes  are  very  expensive  3 In  any  case,  we  shall  suppose  that 
only  certain  changes  from  t can  be  considersd  by  the  players,  and  that  if 
any  admin  sib  le  change  13  certain  to  be  profitable  then  the  arrangement 
(Xst)  will  be  disrupted,  It  is  quite  possible  to  define  the  notion  quite 
generally,  as  in  (?.);  however,  in  this  paper  we  sliall  examine  only  certain 
special  cases  <=•  those  defined  in  (l)  « and  so  the  definition  will  be  given 
only  for  that  case- 
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Let  k be  aii  integer  with  C < k < n-2  and  lot  t be  a coalition 

structure o A subset  3CI_  ir.  called  a k-critieal  coalition  or  x if  there 

n — — — — 

exists  a Tet  ouch  that^ 

|(S-T)U(T-S)J  < k0 

A pair  (X/r)  is  said  to  be  k-stable  if  .for  every  k-critical  coalition  S of 

n(S ) < S x, 

~ ieS  1 

end  if  far  every  ieT,  where  Is-t  and  |T j > 1,  2^  > 0o 

The  first,  and  acre  important  condition,  states  that  for  any  S 
which  does  not  differ  by  mre  than  k elements  from  a member  of  x the  char- 
acteristic function  value  of  S shall  not  exceed  the  total  already  agreed 
upon  in  X for  tin*  pi-yare  who  would  form  S„  In  other  words,  there  is  not 
a positive  incentive  for  the  coalition  S to  forn„  Since  this  is  true  of 
all  S' s which  nay  be  considered,  there  will  be  no  tendency  for  (X,t)  to  be 
destroyed,.  The  second  condition  simply  reflects  the  intuition  that  a play- 
er will  not  participate  in  a non-trivial  coalition  unless  he  receives  more 
than  ho  could  assure  himself  when  playing  alone  in  the  most  adverse  situa- 
tion o This  second  condition  seems  only  to  serve  the  role  of  reducing  the 
number  of  k-stable  pairs,  for  we  have  yet  to  find  a case  where  a game  does 
not  htvs  a k-stable  pair  if  the  condition  in  assumed  and  that  it  doss  when 
the  condition  is  dropped » 

A game  is  called  k-stable  if  there  is  at  least  one  k-stable  pair, 
otherwise  it  is  called  k-ans table » It  is  easy  to  see  that  if  ksdc*,  then 
k-unstable  implies  k 3 -unstable  and  that  k' -stable  Implies  k-e table,, 

A particularly  interesting  case  of  k~stability  ia  k 3 1,  for  this 
case  is,  in  a way,  the  borderline  between  stable  and  unstable  games „ If 
some  change  is  allowed  every  coalition  of  xs  then  the  least  possible  is 

3»  If  SCIn,  then  js'i  denotes  the  number  of  elements  in  S„ 
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with  k = 1,  and  so  a game  which  is  1-unatable  is,  in  this  sense,  inherently 
unstable o Thus,  even  whan  it  is  not  possible  at  present  to  obtain  full 
stability  results  for  a class  of  gasses,  it  is  still  interesting  to  separate 
the  1 “unstable  ones  from  those  which  are  1 “Stable  ■> 

In  (l)  we  began  to  study  the  conditions  for  k-stability  in  certain 
general  classes  of  games „ There  we  covered  the  3-  and  U-person  constant- 
aim  games,  simple  gauss,  and  negative  games o We  continue  this  program  here 
and  present  similar  results  for  symaatric  and  quota  games  „ This  is  ths 
content  of  the  first  part  of  the  paper * In  the  second  part,  we  shall  pre- 
sent s«ne  structural  theorems  for  simple  quota  games  and  for  two  other 
classes  of  simple  games  which  are  closely  related  to  the  non-constant-sum 
simple  quota  games*  These  are  not  stability  theorems  as  such,  but  lb*/ 
are  indirectly  a product  of  our  consideration  of  the  stability  problem,, 


I.  ON  THE  STABILITY  OF  SYMMETRIC  AND  QUOTA  GAMES 


2.  Discretely  Stable  Cares 

In  the  previous  3©ction  we  oifphc.s5jr.ed  the  important  dichotomy  be- 
tween 1-stable  and  l-unstable  ganc3.  It  appears  desirable,  for  reasons 
•which  will  becosno  apparent,  to  refine  this  into  a trichotomy  by  dividing 
the  1-stablo  gamos  into  two  classes.  Lot  us  denote  the  special  coalition, 
structure  [{.1}  ,{.2}, . . . f n}]  by  it  is  the  case  of  pure  competition 
within  the  universe  of  the  n players  .■>  We  shall  call  a 1-sbable  game  which 
has  a 1-stablo  p;iir  of  the  form  (Z,  Aq)  discretely  stable,  and  those  1- 
s table  gaaeo  with  no  such  1-stable  pair  will  bo  called  non-dlscretely  sta- 
ble. It  is  trivial  to  see  that  discretely  stable  gasx-s  osist.  but  an  ex- 
ample of  a non-discretely  stable  ouo  ia  needed,,  Consider  any  (l^m)  having 
the  following  properties;  the^e  exists  a set  T such  that 


ii.  for  i, joT  or  i,jc-T,  u({i,j})  > 2/n, 
iii»  for  ijjeT  and  ke-T  cr  ieT  and  j,lce~T, 
a(  i-j?k  ) < 3/n. 

It  is  not  difficult  to  seo  that  such  gauss  esrlst.  Now  suppose  a pair 
(X,  A^)  ia  1-stable , -then  for  i, jeT  and  i^Je-T, 

x*  * x.,  > m([:L,j}3  > 2/n„ 

If  we  stun  over  all  possible  pairs  in  T, 

(t~l)  S x,  > t(t-l)  2 
isT  1 § a * 

and  so 

2 x.  > t/n  - 1/2 o 
ieT  1 


I 


i 


I 

i 

i 

i 

! 

i 

i 
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Similarly,  Z x.  > 1/2,  and  a contradiction  results & On  the  other  hand, 
ie-T  1 

if  we  relabel  the  players  so  that  T 10  fl,2,  ^ then  the  pair 

(ll/nfl,  [{l,t+l>  ,{2,t+2},  . is  l<»atable„  To  show  this  we  need 

only  consider  two  distinct  types  of  1-critical  coalitions 1 

:n({l,t+l.t-i  j})  < 3/n  » jc.  <•  >:t+1  + 

»({l**+lad})  < 3/a  “ x,  * z4+1  -• 

and  so  the  game  is  1-stable  and  hence  non-disc  irately  stable. 

This  concept  of  discrete  stability  is  actually  a generalization 

of  the  notion  of  a quota  game  without  a weak  player,  Shapley  (£)  has 

called  a game  for  >7hich  there  exists  an  n-tirplo  Q 3 jjq^||  such  that 

i,  Z q.  » 1, 
ie2ta 

and  ii-  ^ •'  i f j» 

a quota  game,  where  Q is  called  the  quota.,  A player  i is  called  weak  if 
< Go  Since  m(  i;,j  ) > 0,  it  is  clear  that  there  is  at  most  one  weak 
player,,  Now,  ccEprrc  this  with  the  fact  in  a discretely  stable  game  there 
exist 3 an  n- tuple  X each  that 


ii»  ^ *■  Xy  if  j, 

iii„  } > Oo 

The  action  of  discrete  stability  is  of  interest,;,  first,  because 
aLl  1- stable  simple y negative,  oyasneiric , or  quota  games  are  discretely 
stable.,  11,13  is  obvious  foi“  simple  and  negative  games  from  theorems  u 
anu  Y of  (l),  and  for  cjqnaotric  and  quota  gam so  it  follows  from  theorems 


1 and  2 below,.  V/e  must  therefore  conclude  that  the  special  types  of  games 
which  have  been  giver,  detai1  od  study  ao  not  give  us  ary  insight  into  the 
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phenomena  of  noiv<Hs crete  stability  „ 

A second  reason  to  roncsrn  ourselves  with  this  classification  is 

a property  of  (I,  4»>  k .iXADle  pairs  which  suggests  that  they  my  bo  ox- 

pee ted  to  arise  only  raroly  j :n  empirical  situations  e The  definition  of 

Jo-stability  implicitly  supposes  a dynamic  model  in  which  a change  from  a 

(non-stable)  pair  (X,t ) occurs  if  there  is  a k-critical  coalition  S of  t 

such  that  as(S)  < Z x t From  a given  'c  only  certain  other  coalition 
itS  x 

structures;:  can  be  reached  by  «eane  of  changes  ern/i.  eying  only  k**critical 
coalitions.;  loO:,  from  a given  t thoro  will  bo  coalition  structures  -which 
are  inaccessible*  Indeed  , it  is  not  impossible  that  there  are  30m®  struc- 
tures which  are  not  accessible  from  any  other  pair-  Formally,  a coalition 
structure  1 is  k^inaccoss-lbla  if  for  every  pair  ) such  that 

jL  m(T)  < 2 x, , Te-v: 

~ leT  * 

a an  il.  tae  coalitions  of  t are  k- critical  coalitions  of  t*, 

then  iiio  ni.S ) < X xs  for  ©very  Sen 

~ isS  “ 

Within  the  framework  of  this  dynamic  model  a k -stable  pair  (X^r),  where  t 
is  k-inaecesslbloj.  can  nsvsj'  arise  xa  a trial  and  error  fashion  from  other 
tentatively  acceptau  pairs,  but,  rather  it  wust  be  agreed  upon  at  the  very 
beginning  of  tho  coalition  formation  process.,  The  latter  occurrence  seems 
to  be  rather  unlikely  in  practice and  bo  vq  must  expect  such  testable 
pairs  to  play  a special,  rolso  Clearly  a sufficient  condition  for  t to  bo 
k -inaccessible  is  that  m(T)  38  0 for  every  Tct  (in  tho  conventional  language 
of  game  theory,  Is  .losing),  and  so  we  sec  their  & xa  ^'inaccessible* 

Ii  appears  fro.:»  ihacc  observations  that  ih©  full.  significance  of 
the  following  stability  theorems  will  only  become  tmderstood  when  a com- 
pl*rie  dytwrdc  theory  is  pi-csor.Wd  and  one  cot  answer  such  questions  a us 


! 

I 

t 


- xO  «» 

the  probability  that  a k-a table  pair  -Jill  arise  given  the  starting  pair, 
or  a distribution  over  starting  pairs,  of  the  players* 

3o  Symmetric  Games 

One  quite  general  and  important  class  of  games  which  has  been 
studied  in  the  literature  are  those  in  which  tho  characteristic  function 
depends  only  on  the  size  of  a coalition,  that  is, 

m(T)  - m(lTl). 

Such  games  are  called  symratr  tc  ♦ 

Theorem  1.  A symmetric  game  with  characteristic  function  m(i)  is 
k-stable  if  and  only  if  m(i)  < i/n  for  0 < i < Jct-l* 

Proof  „ It  is  clear  that  (|l/nijs  AQ)  is  k-s table  if  the  condition  is 

net  o 

Conversely,  suppose  (I,t)  is  k -stable  and  that  m(k^l)  > (k+l)/n0 
Consider  any  positive  integer  a 3uch  that  a(lc+l)  < n»  Since  we  may  par- 
tition my  coalition  of  «(k+l)  elements  into  a disjoint  coalitions  of 
krl  elements, 

«.[a(k*l)]  > cun(k+l)  > a(lc*l)/n. 

For  any  it  is  clear  that  wo  may  write 

jl.J  - a (k+1)  + b,, 

where  and  b^  arc  integers  such  that 

0 < a..  (kS“l)  < n and  -k  < o . < k> 
x ->  x — 

Let  ua  denote  the  quantity  Z x,  by  d,,  and  then  we  consider 

jeT±  J 

three  cases* 

1*  b . * 0 From  tho  condition  of  k-stability  we  have 

x 

> mCj^j  ) > a^kS-l/Ai  - |Tj  1/n* 


- 11  - 


2®  b^  < 0„  We  first  show  that  it  is  always  possible  to  find  a 


set  such  that 


S(l-d. )jb. j 


If  this  ware  not  the  caao>  than  we  would  have  to  assume  that  for  the 

(»-  M 

^ |b  j " J snooting  the  first  two  conditions  that 

(l-ai)ibij 

) x.  > o Observe  that  each  js-T,  appears  in  exactly 

3 n - |I±! 

/ _ » It  I ~ 

j ' i*  l of  thase  sets,  and  so  if  we  sum  over  all  of  thorn  wo 

V W - 1 J 


obtain 


szzj'rhJH;1)  £*,*  t'JV.:1) 

\ jeB±  3 \ |bi'  1 J 0 V 'Di‘  1 J X 

/n  - jTj\  (l-.di)jbx|  _ fn  - |T.|  - 1 
> \ K!  j n ~ It.  j 1 jb,  | - 1 


J 


ohich  contradiction  establishes  the  existence  of  a ncoting  the  three 
conditions c Since  jB^I  *»  jb^j  < k,  It U is  a k-criiical  coalition  of 
t and  sc 


d.  + 


(1  - di){bil 
n ■»  jf.  | 


> 2 x 2 x. 

“ jcT±  3 joB^  3 

> m(  JT. { + |bij ) 

- aja^k+l)] 

> a.(k+l)/n. 


Thus, 


^(“-f^l-ibi! ) + IbJ 

n - I T±  { 


> ai(k+l)/n. 


I 


- 12  « 


(n-l^l  )a^(k+l)  - n|bi| 
n(n-fT,|  - JbJ  ) 

\\\/ru 


(n-I^Qd^l  ♦ \b±\)  ~ n|bj 
nCn-I^J  - |b±J ) 


3«  b^  > 0,  Wg  first  show  that  it  is  always  possible  to  find  a 


set  such  that 


B.CT.j,  |B,  | ’ b. , and  2 x,  > d.b„/|T  {c  If  this  were 

111  i jgB^  J - il  1 


Sici>  the  case,  then  we  may  even  over  all 


first  two  conditions n and  we  obtain 


sots  B.  satisfying  the 


2 2 *.  - {\T i|  - A a,  < ( Ki)  dibi  - ( 't1  - d.: 

B,  3cB.  J V|bl'-V  ' WlTj  Vh-1/  ^ 

which  is  a contradiction , Observe  that  ft..’  ary  B.;  satisfying  the  throe 
conditions,  - B..  is  a k-ci’itical  coalition  of  t.  hence 

tt.  - d.b./|T.j  > 2 ::  - 2 x. 


Thus, 


jer  J jcb1  •» 

> ia[ai(k-!-l)j 

> ai(k-s-l)/n 

“ ( iTil,*bi  V**- 

di  > fTxI/n<> 

Ue  have  therefore  shown  that  for  every  T.ct,  Z r > j T . | /n,  and  so 

^ -ie-'T  J * 


1-2  x.  - 2 2 x > 2 |T,  j/i\  = l, 

jf-T  J T.  jeT.  3 I.  1 

J n i 0 i i 

which  ,s  impossible  and  so  the  pair  is  not  k-stable,  and  the  theorem  is  proved.-. 


- 13  ~ 


In  (l)  we  defined  a game  to  be  negative  if  m(T)  < jT|/n  for  all 

Tdn, 

Corollary  1.  A symmetric  game  la  (n-2)-stable  if  and  only  if  It  ie  negative » 
Proof.,  The  theorem  and  the  definition  of  a negative  game. 

Corollary  2.  If  a symmetric  game  in  1-3 table  it  is  discretely  stable. 

Proof.  Trivial. 

!■  - Quote 

It  will  be  recalled  (section  2)  that  Shapley  (5>)  defined  a quota 
game  to  be  one  such  that  there  oxists  an  n-tuple  Q = |jq4 R , called  the 
quota,  such  that 

i«  » 1> 

< ~ r A 

1Bxn 

end  iio  ~ \ * <ly  ±,3  e 3^. 

A player  i is  called  weak  if  q^<0,  and  we  noted  that  there  ic  at  most  one 
weak  player. 

Theorem  2.  A quota  game  is  1 -stable  if  and  only  if  there  is  no  weak  player. 
Proof.  If  there  is  no  weak  player,  then  clearly  the  pair  (Q,4q)  is  l-stable. 

Conversely,  suppoae  there  is  a weak  player,  which  by  relabeling  we 
may  take  to  be  n,  and  let  (X,t)  be  a 1-3 table  pair.  Label  the  coalitions 
T. , . . „,T.  of  so  that  nc7,.„  For  any  T.ct„  the  Instability  requirement 

1 Xf  li  X 

a(T. } < 2 x.. 

“3#Ii  * 

Now,  if  |T,|  is  erven,  then  can  be  partitioned  into  |TjJ/2  non-overlapping 
two  element  coalitions,  each  of  which  has  the  value  = q,  + q.„ 


- ih  - 


Th’I3>  2 - *-(T.  ) > 2 q . 

^ ^i'  ' ^ ancl  is  ockJ»  then  lev*  every  JkT . , Jt. •’{!:} J is  even,  and  no  by 
the  saiie  argument 

*V<*^  ~ J^kf^ 

S until  ug  over  all1.  kc.T  , 

-S  S’j  * (lTi|~i)fi  «j. 


hence 


2 x..  > 2 ci . 


jeT 


.•jeT. 


If  i^j  » 1,  let  T.  - ;_iv,  and  then  for  .my  ke~(i},  {i,k}  is  a 1-critical 
coalition  and  sc 

zi  : :ck  - n(f:1»kJ)  " % * v 

Sunming  over  al3. 

ktln  k"  1 bsl  1 

But  H jt  ■ J “t™—*  o.  . ac  ■- : i th  n > 3, 

kel  k kr.T  k>  - ’ 


xi  ~ % ' 

Since  these  inequalities  hold  for*  all  T.s-v  end  since  l x,  « t 0 

1 ks.T  ^ ksl  V 

n n 


[ j is  even 


• 

the  equalities 

21  x. 

= Z q , 
jsT.  'J 

■*  ru( ),  if 

z X. 
jeT3  J 

= 2 a . 

jsT±  J 

,i  if 

must  hoick 
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Next  we  show  that  if  n is  weak  and  neT^,  jT^j  is  even0  Suppose,  on 
tile  contrary,  |T^|  is  oddc.  If  then  by  the  partitioning  argument 

m(T.  ) > m(T+-{n})  > Z q.o 
“ j6Tt-{ni  3 

But  we  know  that  Z q.  = Z x and  since  n is  weak,  q<0,  so 
jcT  J J ^ 


J«T. 


a(T.  ) > Z q.  - a > Z x,, 
~ 0‘eT^.  J ^ jeT.j.  5 


which  violates  the  1-a lability  assumption..  If  jl'^|  » 14.  then 

and  we  have  shown  above  that  xn  3 q^  < 0,  which  is  impossible,,  Thus 

lTtl  is  even., 

It  is  clear  that  in  -T.t  there  is  at  least  one  k 3uch  that  a,  > x,  * 

u *j£  — K 

Consider  the  1-critical  coalition  T^U^k^o  Since  'T^J  is  oven,  so  is 
|(TtU{kV-{n}|,  and  so  we  may  partition  that  coalition  into  non- overlapping 
two  olement  coalitions: 

a(?xU{k})  > m[(TtU{k})-  n j > Z ^ “ 1.^ 


lex. 


But  q^cO  end  q^^r^.,  so 


ra(?xU{k]}  > Z x + x.  + 0 * Z x., 

* v •?»<?  1 1 1/lA  3. 


iex 


■t  i»TtU{k) 

which  violates  the  assumption  that  (X3rc)  is  l~stablo„  Thus,  we  must  con- 
clude that  there  is  no  weak  player* 


Corollary-'  1»  All  quota  games  with  an  odd  number  of  players  are  I-stablo* 
Proof » If  n is  odd  than  there  is  no  weak  player*  since  if  q_<0j 


el  -Anl 

n ^ 


% = % - % =■  1> 


id 


n 


which  is  impossible.  Thus  the  theorem  implies  a quota  game  is  1 -stable 
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when  n is  odd0 


!0  If  a quota  game  la  l-«gtable  It  is  discretely  stable.. 


Proof*  Trivial = 


Thnorara  3*  Let  (I  ,ik)  bo  a k-s table  quota  game  and  lot  (X.t)  be  a k-s table 

pair,.  If  n is  odd  or  if  n is  oven  and  k > 2,  then  X = Q„  If  n In  even  and 

k =•  1,  then  either  X - Q or  i?!  is  even  and  a(T)  = X a.  = X x,  for  every 

" ien  1 ieT  1 

Tew,  There  are  quota  genes  (both  constant "Gua  and  noa-constant-gum)  >7ith  n 
even  and  k «•  1 In  which  I } Q, 

Proof  u Suppose  (X3a  )._  ’-mere  v = (T.1,*„U5T,,.  )*  is  I-stable  and  that  for  seme 

.v  l* 

r,  x f q o From  the  proof  of  theorem  2 we  knew  that  for  each  T,  cx}  T.  2. 
r r x jeT±  3 

* 2 q . * It  follows*  therefore 3 that  in  some  ! . , sav  T, > there  exist  r 

1 x 0 

3 i 

and  3 such  that  2 >q  and  ::  <q  c Not  suppose  tliat  for  i } t,  |T.  j is  odd, 

r u c x 

then  T\  U has  an  e ven  v^rmber  of  elements  and  ±3  1- -critical,  so 

Z :z , > mix'. U {3})  > 2 q.  - S 0 , o > 2 x.« 

” X * 055.U{s]  j .jeT._  ;j  c jeT^Ufs}  3 

which  i3  impossible-'  Thus  |T.  i is  oven > If  r.  is  ever.,  then  so  is  j j * 

S impose  n-  and  therefore  | T,.  | , is  odd*  Since  wo  know  that  if  T.  - ( rl , 

~ x?,  it  follows  that  Since  | T..&~ (rl  j is  even, 


> 2 a.  > 2 x., 

tU  - i‘VW  5 *v«  r 


which  xs  impossible  <,  Thus,  if  (X^r)  is  l-stable  either  X«Q  or  |Tj  is  even 
for  Tct,,  Since  any  k-staVIe  pair  is  also  1-stsbIo,  tho  conclusion  holds 
for  ic- -stable  pairs  0 If  JtJ  ic.  oven  wo  laicw  from  the  proof  of  theorem  2 
that  k(T)  •*  S q.  - 2 

it'T  ' ;'|RT 


Next*  lot  us  assa-is  that  n is  men  end  k > 2,  and  sirppese  (X*a)  is 
k -stable  and  X « Q.  Thus  there  e:rists  reT^  , for  some  i,  such  that  x xj  , 

and  for  aa j j i1  i,  there  exists  ss'f.  such  that  x < a Consider 

;'T, xihich  is  k-critioal  for  ic  > 2 and  which  has  an  even  number  of 

e?-sinents  oinca  7^  does.  Thus, 


s[(T.-[r})U{a}3  > Sm  ^ - % * qfi 

j£  1 • 

^ ^ 

j^vr4-,'OU5c;  0 

d ‘ 5.  if'  \ 5 


which  is  impossible „ Thus.,  X = CL 

The  following  :i3  ;ux  example  of  a con-constant-sura  symmetric  quota 
I'xtc  in  vjhich  (Zaw)  is  1-stab.le  and  X f Q: 

3 &:■  ^ = 1/6 9 ra(2)  - Uf:.2,  m(3)  “ 3/12,  m(U)  = 8/12,  re(>)  = :n(6)  ~ 1. 

It  is  ea-xy  to  show  that 

(lil/12,3/12,2/12,2/12, 2/12,2/12.!;,  [ 1,2  , 3,U  , 3,6  j) 

ia  Instable,  This  example  is  readily  modified  into  a cons  tax .t-sum  example 
if  m(3)  is  altered  as  f allows  ■ 

a({l,2,3})  = n({l,3,6})  » 3/12 
q({2,3,6}  ) = m({293,?;})  = 7/12 
ia(^  i,p,kjO  = 6/12  for  all  other  {i,,jsk}* 

The  soj33  pair  Is  1-stabln. 

Theorem  ,U„  X*<t  (a  ,ra)  bo  a <v iota  _ without  a weak  player.  & sufficient, 

but  not  a necessary,  condition  for  the  gsjgc  to  be  k-svablo,  1;  > 2,  ia  that 

n(T}  < Z a,  x 


hold  for  all  1'  such  that  llj  «:  k * X_  A necessary,  but  no t a.  s afficient t 
condition  for  if  to  be  i-stablo  ;>.r  tli-.vc  aquation  1 hold  for  r.H  T such  that 


ITjOtJ  ■ 1 and  |Ti|  la  even,, 

Proof,  Sufficient' ’ It  is  obviour  that  'VQS  ) is  k~stable  if  equation  1 

n 

holds  for  all  T such  that  | T j < k + 1„  To  show  that  this  condition  is  not 
necessary,  consider  the  following  game? 

n •=’  6,  qi  = i/6 

a(s)  =»  js |/6  for  all  S such  that  |s|  * 2,3,U,6  ex- 
cept {.1,3,5}  and  {2,11,6} 

3 1 for  all  S such  that  |s|  m $ 

*({1,3,5} ) - U/6 

m({2,Ii,6})  * 2/6, 

Let  * [{l,2j,{3,b},{5,6}]  and  then  it  is  easy  to  see  that  (Q,t)  is  2- 
stable  since  any  2-critical  coalition  contains  at  most  four  elements  and 
if  it  contains  {1,3,5}  it  must  contain  four.  But  equation  1 is  violated 
for  T =»  {l,3,5}.. 

Necessity:  If  the  game  is  k-otable,  k > 2,  then  by  theorem  3 any 
k-stable  pair  is  of  the  fora  (Q,'t),  Suppose  that  T is  a set  such  that 
|T|  < k + 1 and  n(T)  > q^°  Let  be  any  coalition  of  % which  inter- 

sects To  First,  T^  "T  } 0,  since  if  T^CT,  then  | T— J < k because  |t| 

< k + lo  In  that  case  T ia  a k-critical  coalition  of  t and  the  hypothesis 
of  k-stability  is  violated.  Second,  T } IR,  for  if  it  were  * Ir,  than 
for  any  sel^,  (TjUT)-{s}  is  a k-critical  coalition  of  t.  Vie  may  make 
|(T^-T)-£s}{  even  by  choosing  either  se.Tj.-T  or  ss-lT^-T).  Thus, 
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m[(T1UT)-{s>]  - «(rU[(TfT).(s}]) 

> m(T)  ♦ m[  (T^-T  )-£s}] 

> 2 q.  + , q. 

jcT  J 3C<T±-Tf-(s)  6 


je(T~CJT }-{s^  q3’ 

which  violates  the  Instability  condition * Thun  wc  know  that  T^-T  f 0 and 
TjUT  \ I . Suppose  that  ( T J > 1»  By  choosing  an  element  ssT.~T  or 

in  -(T^(J T),  wo  may  make  |(T^-T)U{s}l  erea5  Observe  that  3ince  |T.Dt|  > 1, 

i(TU?iU{l})-Tii  - !(TU(l}MTOTi)l  5 k> 

and  so  TUThU  {l}  is  a k -critical  coalition  of  vc  Then, 

sn('?UT.U{s>)  - m^T  U f (T±U  {a} 

= mtTU(Ti-T)U{s}] 

> b(T)  ta[(Ti-T)|J(s}J 

> Z a + 2 q 

jsT  3 jc(Y;  T)iJ{e}  3 

° 2 q., 

jeTUT±U{p^  J 

and  so  wo  must  conclude  that  iT/lTi  - 1. 

Nex* , suppose  that  \y±\  is  odd,  then  jlh -T|  is  even  and  Ttilh  is 


k-critic&i,  eo 


r.uTUT,  ) > m(T)  * m(T,-T)  > 2 q., 

1 “ 1 jcTUT.  j 


hence  |T^|  ie  even,  Finally,  If  wo  suppose  |?J  < k,  then  for  ss~-(TUT^) 

j (f  U {b>  )-T5 ! - i (T U (o)  )-(T H T.  ) ! < k , 
so  TUT  lJ[s)  is  k-critical  Since  JT,  | is  even,  1(T3-T)U{s}!  ia  even. 


and  the  same  argument  as  above  leads  to  a contradiction » Thus*  we  must 
conclude  that  equation  1 holds  for  all  T with  | T j < k,  and  if  it  fails  for 
same  T with  ] T | =>  k + 1,  then  for  any  ouch  that  T^HT  f C,  Jt^Dt|  * 1 

and  jTj  is  oveno 

The  necessary  condition  is  not  sufficient  a a the  following  example 
showso  Let  n and  k be  both  even  or  both  cdd  and  let  be  any  symmet- 

ric quota  game  with  m(k^l ) > (k+l  )/n  and  m(i)  < x/n  far  i < k„  It  is  easy 
to  see  that  in  a symmetric  quota  game,  * l/n,  so  m(k<l)  > (k+l^q.^  Thus, 
the  game  satisfies  only  tho  necessary  conditions  and  by  theorem  1 it  is 
k-unstaole „ 

Corollary  1,  The  necessary  condition  is  sufficient  if  either  n Is  odd  and 

k is  even,  or  if  a is  oven  and  k is  odd,  or  if  k > (n~2)/2<. 

Proof o If  n is  odd  and  k i3  even  and  T is  any  set  such  that  |T|  = k*i.a 

then  I T | is  odd  and  |-Tj  xs  even*  so  m(-T)  > 2 q.  <>  It  therefore  follows 

” ie-T  '' 

that 

m(?V  < I-m(-T)  < X - 2 q,  L~  Z.  q - 

ie«-T  1 icT  ‘ 

and  so  the  sufficient-  condition  holds  Essentially  the  same  argument  ap- 
plies if  n is  even  and  k xs  oddc 

Suppose  equation  I does  nut  hold  for  T where  |t|  3 k 10  In  this 
case  we  knew  that,  for  any  IVtv  such  that  f 0,  |T^nT|  = 1 and  jT^| 

is  even*  thus  there  are  at  least  k>l  disjoint  sets  each  having  at  least  two 
elements;,  so  a > 2(k+l),  or  k < (n~2)/2o  Thus,  if  k ' (n-2)/2,  the  neces- 
sary condition  is  also  sufficient. 

Corollary  2 » Any  quota  game  with  an  odd  number  of  players  is  2-stable^ 


Proof  o Tho  first  part-  of  Corollary  1. 
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II o ON  Tin:  STRUCTURE  OF  SIMPLE  QUOTA  GAMES 
AMD  OF  TJO  CLOSELY  RELATED  CLASSES  OF  GAMES 


b ’ Simple  '-juota  Games 

Tli©  definition  of  von  Neumann  and  Morgens  Lem  (h)  for  simple 
constant -sun  games  was  extended  in  (1 ) to  general  games  as  follows s a 
game  is  simple  If  for  every  SCIn,  m(S)  =-  0 or  i The  coalitions  S with 
m(S ) - 1 are  called  yenning.,  It  is  trivial  that  any  subset  of  a losing 
coalition  is  losing,  that  any  superset  of  a winning  coalition  is  winning, 
and  that  the  complement  of  a winning  coalition  is  losing e The  conplexaent 
of  every  losing  coalition  is  winning  if  and  only  if  the  game  is  constant- 
sumo 

The  principal  stability  result  concerning  simple  games  is  theorem 
U of  (l)c.  It  states  that  a necessary  and  sufficient  condition  that  a 
simple  game  be  k* -*8  table  13  that  either  there  are  no  (k-i- Inclement  winning 
coalitions  or,  if  the  : ire,  then  the  intersection  of  ail  of  them  is  non- 
empty^ We  shall  return  to  this  result  aubsequcnt-V,  but  first  wo  propose 
to  describe  the  structure  of  those  games  which  am  both  3impls  and  quota u 

Theorem  5>-  Let  (In»nO  ba  a simple  gai.9  It  is  non  ■■-congtg.nt-gum  and  quota 
if  and  only  If  either: 

1 o it  is  the  ii-pers^n  game  with  the  O^I.-rsducod  form  characterise 
tic  function 

=»  1,  for  i,.j  f k, 

•*  0,  for  i f k 

(this  game  will,  be  wiled  the  exceptional  simple  quota  game ), 
or  iio  there  exists  an  element  ic  such  that  any  coalition  properly 
i ncludlng  k is  winning,  and  all  other  coalitions  are  losing 


T 


! 


t 


i 
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It  1 8 constant-sum  and  quota  if  and  only  If  there  exists  an  element  k such 
that  «{k}  la  winning,  any  coalition  proparly  including  k la  winning,  and 
all  other  coalitions  are  losing. 

Proof.  It  ia  not  difficult  to  see  that  the  simple  games  so  defined  are 
quota  games  by  taking  q^-l,  q^-O,  ifk,  in  the  non-exceptional  cases  and 
by  letting  qk*-l/2,  q^l/2,  ifk,  in  the  exceptional  U-pei^son  case. 

Conversely,  suppose  (ln,m)  ia  both  a simple  and  a quota  game. 

Suppose  there  exists  a woak  player,  which  without  los  u ?f  gCnsruXxw^  vs 
may  take  to  be  n.  It  is  clear  that  for  i^n,  q^>0  and  that  there  exists 
some  kfn  such  that  qk>C~  For  any  i}k,n,  m({i,k})  - q^+q^>C,  so  £i,k}  is 
winning.  If  we  suppose  that,  in  addition  to  k,  tlicre  is  a j with  q^>0, 
then  any  set  £l;,j}  must  also  be  winning.  If  tt>5,  then  we  may  choose 
i, j,k,l  all  different  and  different  from  n such  that  both  {i,k}  and  {l,j} 
are  winning,  but  this  is  impossible.  Thus,  if  there  is  a weak  player 
then  either  ikU  or  qkml,  q^-0,  for  ifk,n.  In  the  latter  cans,  q^  - 1 - 

Z q,  - 0,  which  contradicts  the  assumption  that  n is  weak.  For  n»U, 

the  same  argument  applies  as  above  except  If  {l,2j*  {l,3}  and  {2,3}  are 
ell  vinnirsgn  In  this  case,  q^  + ^2  * % ’’  ^3  “ q2  + % ° *s  80  * °~2 

• q -j  ■ 1/2  and  q^  * -1/2.  Thus  {i,U}»  ijU,  are  losing  coalitions.  Far 

n*3,  the  fact  that  {1*2}  is  winning  implies  q1  + q^  * 1,  which  implies 

qyO,  and  so  there  if  no  weak  player. 

We  may  now  suppose  the  game  has  no  weak  player.  By  a repetition 
of  the  first  argument  of  the  proof  we  may  show  tiiat  there  exists  an  ele- 
ment k such  that  any  coalition  properly  including  k is  winning.  If  T in 
any  coalition  not  including  k and  if  jT|  < n-2,  then  there  exists  je-(TU{k}). 
Since  {k,j}  is  winning  and  -T^{k,.i|,  "T  is  winning  and  so  T is  losing. 


!' 
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The  only  remaining  coalition  is  -£k}  which  if  it  is  losing  results  in  a 
non-constant-sua  game  and  if  it  is  winning  results  in  a constant-sum  game. 

Corollary  1.  Every  conat-ant-sma  simple  quota  gaiae  Is  k-e table  for  “11 


•>  2h 


n 


6»  the  Direct  Product  of  Oamcs 

We  shall  say  that  a game  (In»a)  is  the  direct  product  of  games  orvax- 
T and  -T,  where  T la  a proper  non-empty  subset  of  1^,  If  there  exist  games 
(TjO* ) and  (*T,a" ) such  that 

b(S)  » m'(snTV(S-T),  (2) 


I 


We  observe,  first,  that  given  two  such  games,  their  composition  according  to 
equation  2 yields  a game  which  is  the  direct  product  of  the  given  games o 
This  will  be  shown  if  we  con  show  that  the  (ln,m)  vbich  results  is  in  fact 
a ; 0,  i.Oo,  if  in  is  a characteristic  function  in  0,1-reduced  forme  This 
we  .:ow* 

m(l  ) - m(TU[-T])  - m»(T  )m"(-T)  = 1, 
n 

»(4>)  “ m'($)m,*(<b)  * 0, 

*({l})  - m'({i^0T)m"({i}-T}  - 0, 

tf  R and  S are  disjoint  subsets  of  In, 
a(RUS)  - m'([RUS]flT)m"([RUS3-T) 

-•  m?aROT]UtSnT])m"([R-T]UlS-T]) 

> [m'(RnT)  + m1  (S H T )]  fra" (R-T ) + a»(S-T)] 

> o'CrOTVCR-T)  + n'(sriTV(S-T) 

3 m(R)  ♦ m(S) , 

Second,  it  is  clear  that  if  (ln,m)  is  the  direct  product  of  games  over  T 
and  *T,  the  charactexdstic  functions  m'  and  m"  are  uniquely  determined, 
nsr  ly 

a»(S)  - a(sUI"T]),  for  SCT, 
and  raa(S)  =■  m(St)T),  for  SC-T« 

It  should  be  noted  that  this  concept  somewhat  parallels  that  of  a 
dec ' mp os able  game  (3,U)«  A game  (In,m)  is  decomposable  into  Games  on  T 
and  -T  if  for  every  SCIn 

a(S)  * m(sOT)  + m(5-T). 
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Theorem  6»  Let  be  the  direct-  product  of  gaxaes  (T,m! ) and  (-T,m"), 

then  i.  If  RDT  and  S3-T,  n(Rns)  ° m(R>a(S)i 
iio  if  R,SC-T  and  ?TlS  » $>,  then 

m(RUsUT)  > m(RUT)  + m(S|jT),  and  a simitar  statement 
if  R,SCTj 

ill.  r.(TU(i>)  - a(TU  {i}  ) * 0 for  ieln$ 

ir.  - 0,  i,j,kelnj 

▼c  (ln,m)  la  i-  and  2 -a table; 

▼!»  (ln,m)  ia  non-constant-aum; 
viio  (ln,m)  ia  simple  if  both  (T^mr  ) and  ( -T,mn)  are  simple; 
riiio  (ln,m)  la  negative  if  both  (T,mf ) and  (-T,m”)  are  negative «. 

Any  game  vith  a set  T sucn  that  i,  ii,  and  iii  held  in  the  direct  product 
of  games  over  T and  -T > 

Proof,  i.  Let  Q*R«T  and  Q^-SHT,  then  RHS  » {TUQ)n(»T\jQ'  ) ■=  Ql)Q*» 
Thus,  »(RHs  ) ® m5(RnsnT)mv,(Rfl5fi[~Tj ) - a?  (Q:  )m,!(Q)»  Also,  m(R)  *» 
a’(RriT)m"(R~T)  - a<(T)nw(Q)  “ m"(Q),  and  ra(S)  = m'(SfY? AaR(S-T)  - 
ml(Q}  )m“(-T)  ^ m’(Q‘  )0  Thua3  mCRf'iS)  * m! (Q;  M'KQ)  - m(R)m(S). 

iio  mVRUsUT)  - ra"(Rl>S)  > ra"(R)  m"(S)  » m(RUT)  ♦ k(?UT), 
iii,  m(T(J  {i)  ) « »»(T)aB({i}-T)  - 1*0  - Oj  similarly  m(-TU{i}  ) - 0o 
iTo  For  any  i,j,k  either  j,kjCTU{l]  or  C-TU{l},  where 
l»i,J,  or  k,  and  so  by  iii,  ra({i» j^k^}  » 0» 

To  Since  » 0 » m({i,J,k}),  by  iv,  it  is  clear  tiiat  (X, 

is  a 2-stable  pair  for  any  distribution  X.> 

Tio  Since  m(T)  + m(-T)  ° 0,  by  iii.,  t’  , game  is  not  constant-sum. 
viio  Obvious,. 

viiio  If  the  component  games  are  negative,  then  for  any  S 


m(S)  - a«(Sf)T)m"(S~T)  < -1™! 


Observe  that  since  | T j < } T j and  ;S~Tj  < j“T|$ 

! S n T i [Tl(fs-T(~!-Ti  ) < o < !s~Tj  i-Tj(W-isnTi>, 
so  |s~Tj  JsHtI  ( J-tJ* |t|  3 < !-t|  !'f  i ( Js-»t J+ jsn t|  ), 

°f  - i|l-  s hence  m(S)  < !s|/n. 

Suppose  that  i.  and  iii  are  wet  in  a casco..  For  RCT,  define 
m»(R>«(RU[«*]}  and  ivv*C.~ T,  *.i»(S)*m(SUT)„  7irv’<i,  tri  and  m»  are 
characteristic  functiovr : 

mJ  (T ) - iu(TU  [ ’Tj  ) » 1, 
m f($)  « ta(  4?.!  Os  by  iiJ.j 
ms({i})  * i“(-  f U{i}  ) * 0»  by  lii* 
and  if  RjSCT'nnd  lf|S  then  using  it  ':®  have 

n>(RU;5)  * »C  :UsU{-i3)  > aCRUI-T])  + n(sU[-T])  • mj(R)+m'‘(S).. 
The  direct  product  of  the  re  two  gajaes  is  ’the  given  ryune,  far 
m ■ (SO  T }w  a3-.C  } « n( lSf)T] U t~‘f  1 M [S-Tj U T ) 

» b(sUI-T])o(S(JT) 

» sn( [S (J (-T ) J 0 [S U - ' ks(S)  by  condition  i 


7,  The  Structure  of  7v:>  lasses  of  Staple  Panes 

Following  the  3a  of  section  $ we  shall  new  define  three  classes  of 
siriple  games,  and  we  shall  determine  the  structure  of  two  of  then.  Let  (X^m) 
be  a siirple  game,  then  vse  shall  say  that  it  has  c 

Property  A if  tlisro  exists  a coalition  C such  that  a coalition  is 
winning  if  and  only  if  i,  properly  contains  Cj 

Property  E if  . Lane  o:d.sta  a coalition  0 mch  that  a coalition  is 
winning  if  and  only  .if  •'  ■ ■'•nvcino  Cj 

Property  G :;.v  who  ...itorsaciicn  V of  all  wivseung  coalitions  is  non~ampty 
Tv  i.a  not  diJfio.i  v to  ses  that  if  a gasso  was  property  A,  then  3n  has 
property  C where  tVo  coa**..licn  C Xz  losing  and  as  slso  easy  to  show 


" •><*  jb*J<*ag| 
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that  a game  has  property  B If  and  only  If  it  has  property  C with  W winning o 

j 

In  this  case  OW„ 

I 

From  the  results  on  the  stability  of  simple  games  quoted  in  section 

i 

5,  we  see  that  any  simple  game  satisfying  one  of  these  properties  is  k-s table 
for  all  ks  0 < k < n-2* 

I ' » 

Two  extreme  cases  are  of  interest*  If  a game  has  property  A and  if 

] C 1 ’*  1,  then  by  theorem  5 we  know  that  it  is  a non-oxceptlonal  non-constant- 

sur  simple  quota  game,  and  conver  joly;  If  it  has  property  B and  if  | C|  * n„ 

then  there  is  no  other  winning  coalition  than  I „ and  so  for  obvious  reasons 

n 

we  call  this  unique  game  almost  inessential*  It  is  not  difficult  to  show 
that  the  following  conditions  ar*  equivalent:  a game  is  almost  inessential, 

it  is  simple  and  negative,  it  is  symmetric  and  the  intersection  of  all 

i 

winning  coalitions  is  winning,  it  ib  negative  and  the  intersection  of  all 

i 

winning  coalitions  is  winning. 


Theorem  7 . Let  (ln,m)  be  a single  game*  The  following  are  equivalent: 
io  It  has  property  A and  jc|  > 1, 
iio  It  la  the  direct  product  of  an  almost  inessential  game  and  a 
non-exceptlonal  non- constant-sum  simple  quota  game* 

The  following  are  equivalent: 

io  it  has  property  B, 

iio  it  is  decomposable  into  an  almost  inessential  game  and  an 
Inessential  game, 

iiio  m(Rns)  - m(R)m(S;  for  all  R,3Cln« 

Proof o Suppose  the  game  has  property  A and  jc|  >1*  Let  isC  and  define 
T * C-{i} * We  now  define  games  (?,mf  ) and 
me(R)  - m(RUt~T]),  for  RCT, 
m"(S)  * afSUT),  foi  SC-T, 
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In  the  first  case,  m(RlJ[  T] ) * 1 if  and  only  if  RU[  -T3  11  RU{i)  U 
properly  contains  C,  which  obtains  if  and  only  if  RU£i}  « C,,  i*e.#  ^ 
only  if  R ” T,  Thug  (Tsm  ) is  almost  inessential  In  the  second  c 
m'ySUT)  13  1 if  and  only  if  S(JT  a S U [C> properly  contains  %hic^ 
tains  if  and  only  If  S properly  includes  i«  Thus,  by  theorem  $3 
is  a non-erceptiooai  non-cons tant-susn  3imple  quota  game-  (I  *01)  iSj  xn 
fact,  the  direct  product  of  those  games  since  m(S)-=*i  if  and  only  if  £ ProP~ 
erly  includes  C,  in  which  case  S f)  T-*T  and  S~T  properly  includes  i, 
m'(snT)  " 1 and  m"(S-T)  - 1„  The  converse  ia  ofcv;Lou3r 

If  the  game  has  property  Bs  then  C*W  ia  winning  S is  winrd/‘S 
if  and  only  if  it  contains  W and  so  the  game  is  decomposable  along  W and 
"W.  It  is  clear  that  the  game  on  W is  almost  inessential  and  that  of1  ^ 
is  inessential o The  converse  is  trivial r 

Next,  if  the  gains  nan  property  B,  R/)S  is  losing  if  either  R or 
S ia  losing  and  it  is  winning  if  and  only  if  both  R and  S are  winning*  30 
m(RflS)  * m(R)ni(s)c  Convoisely,  if  m(Rf)  S ) * m(R)m(5}>  then  by  taldfS 
R"S  we  see  that  m(R)=m(R )" , so  the  game  must  be  siaplec  Let  W be  thd  ajl" 
tersection  of  all  winning  coalitions  , V/f^  and  W is  winning  for  if  R ancJ 
S are  winning  so  is  RprS^  Thus  property  C hoick:  with  W winnings  so  j/roP~ 
erty  B holds 0 
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